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Abstract. A totally disconnected, locally compact group G is said to be uniscalar if its scale
function sG : G ! N, as de®ned in [G. A. Willis, The structure of totally disconnected, locally

compact groups, Math. Ann. 300 (1994), 341±363], is identically 1. It is known that G is uni-
scalar if and only if every element of G normalizes some open, compact subgroup of G. We
show that every identity neighbourhood of a compactly generated, uniscalar p-adic Lie group
contains an open, compact, normal subgroup. In contrast, uniscalar p-adic Lie groups which
are not compactly generated need not possess open, compact, normal subgroups.

1991 Mathematics Subject Classi®cation: 22E20; 20E08, 20F50.

1 Introduction

Following Palmer [8], we say that a totally disconnected, locally compact group G

is uniscalar if its scale function sG : G ! N is identically 1, or, equivalently, if every
element x A G normalizes some open, compact subgroup U of G (depending on x).
This article is devoted to the study of uniscalar p-adic Lie groups. We are interested
in the question whether the existence of the open, compact subgroups U normalized
by individual group elements forces the existence of an open, compact subgroup
normalized by all group elements simultaneously, i.e., the existence of an open,
compact, normal subgroup. A counterexample shows that this need not be so if the
uniscalar p-adic Lie group is not compactly generated (Section 6). For compactly
generated groups however, the above question has a positive answer. Calling a to-
pological group pro-discrete if its ®lter of identity neighbourhoods has a basis of
open, compact, normal subgroups, we can even prove the following stronger asser-
tion (Theorem 5.2):

��� Every compactly generated, uniscalar p-adic Lie group is pro-discrete.

We begin our studies with a characterization of uniscalar p-adic Lie groups: a p-adic
Lie group G is uniscalar if and only if Ad�G� is a periodic subgroup of Aut�L�G��

1 This work was supported by ARC grant no. A69700321 and DFG grant Ne 413/3-1.
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(Corollary 3.2). Here, a topological group H is said to be periodic if every x A H is a
periodic element, an element x A H being called periodic if for every identity neigh-
bourhood U in H, there exists some n A N such that xn A U . (If H is locally compact,
an element x A H is periodic if and only if the closed subgroup it generates is com-
pact). Next, we show that a compactly generated p-adic Lie group G is pro-discrete if
and only if Ad�G� is a relatively compact subgroup of Aut�L�G�� (Proposition 4.1).

After these reduction steps, Assertion ��� follows from the fact that every compactly
generated, periodic subgroup of GL�L�G�� is relatively compact (Parreau [9]).2

In a ®nal section, we investigate consequences of our results for the structure of
compactly generated locally compact, totally disconnected groups beyond the p-adic
setting.

2 Prerequisites and notational conventions

We make essential use of the theory of scale functions on totally disconnected, locally
compact groups, as developed in [11]±[14] (see also [7]). If G is a totally disconnected,
locally compact group, its scale function sG : G ! N is de®ned via

sG�x� :� minf�U : U X xÿ1Ux� : U is a compact; open subgroup of Gg

for x A G.
A compact, open subgroup U of G is called tidy for x if sG�x� � �U : U X xÿ1Ux�,

i.e., if the minimum is attained at U.3 Occasionally, we shall simply write s for sG if
no confusion is possible. An element x A G normalizes an open, compact subgroup of
G if and only if sG�x� � sG�xÿ1� � 1 (cf. [12], Section 2). Hence G has the property
that every x A G normalizes some open, compact subgroup if and only if sG 1 1, i.e.,
if and only if G is uniscalar. The scale functions of p-adic Lie groups can be computed
in terms of the adjoint representation Ad : G ! Aut�L�G�� ([3], Corollary 3.6):

Theorem 2.1. Let G be a p-adic Lie group, and x A G. Given a splitting ®eld K for the

characteristic polynomial of Ad�x�, let j:j : K ! R�0 be the unique extension of the

absolute value j:jp :� mod : Qp ! h piW f0g on Qp to an absolute value on K. Let

l1; . . . ; ln A K be the eigenvalues of Ad�x�n idK , occurring with their proper multi-

plicities, and I :� fi A f1; . . . ; ng : jlijV 1g. Then sG�x� �
Q

i A I jlij. Furthermore,
im sG J pN0 . r

See [2], [10] for the prerequisites concerning p-adic Lie theory.

2 It is also recorded in [9] that our considerations and Parreau's combine to the proof of ���
(loc. cit., Corollaire 3).
3 See [13], Theorem 3.1 for the equivalence of these de®nitions with the more complicated
de®nitions given in the earlier paper [11].
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3 Characterization of uniscalar groups

In this section, we show that a p-adic Lie group G is uniscalar if and only if Ad�G� is
a periodic subgroup of Aut�L�G��.
First, let us recall the concept of a Campbell-Hausdor¨ group. Suppose that g is a
®nite-dimensional Qp-Lie algebra. Let U be an open zero-neighbourhood in g which
is of the form U � fx A g : kxk < rg for some r A �0; p1=�pÿ1�� and some norm k:k on g
making g a normed Lie algebra (i.e., a norm such that k�a; b�kU kak � kbk for all
a; b A g). Then the Campbell-Hausdor¨ series converges absolutely on U �U and
de®nes a continuous multiplication � : U �U ! U making �U ; �� a p-adic Lie
group, with 0 as the identity element ([2], §4.2, Lemma 3(iii)). Groups of this form are
called Campbell-Hausdor¨ groups.

Proposition 3.1. Let G be a p-adic Lie group, s its scale function, and x A G. Then the

following conditions are equivalent:

1) s�x� � s�xÿ1� � 1;

2) x normalizes some open, compact subgroup of G;

3) there are small open, compact subgroups normalized by x (i.e., every identity

neighbourhood of G contains an open, compact subgroup normalized by x).

4) Ad�x� A Aut�L�G�� is a periodic element.

Proof. `1� ) 4�': Let K be a splitting ®eld for the characteristic polynomial of Ad�x�.
By Theorem 2.1, the hypothesis s�x� � s�xÿ1� � 1 implies that all eigenvalues of
Ad�x� in K have modulus 1. Hence the semisimple part of Ad�x� in its multiplicative
Jordan decomposition is a compact element, and hence a periodic element, of
GL�L�G��. Now every unipotent element of a general linear group is a periodic
element in the p-adic setting, see [3], Lemma 4.1. We conclude that Ad�x� �
Ad�x�sAd�x�u is a periodic element as well.

`4� ) 3�': Let exp : U ! G be an exponential function, de®ned on an open neigh-
bourhood U of 0 in L�G�. Then U contains an open neighbourhood V of 0 such that
Ad�x��V�JU and

�1� exp �Ad�x�jUV � Ix � expjV

holds, where Ix : G ! G denotes the inner automorphism y 7! xyxÿ1. Now sup-
pose that W is an arbitrary identity neighbourhood in G. There exists a Campbell-
Hausdor¨ group C in L�G�, contained in V X expÿ1�W�, such that exp�C� is an
open, compact subgroup of G and expjexp�C�

C is an isomorphism of topological groups
from �C; �� onto exp�C�. Since hAd�x�i is relatively compact, [10] Part II, Chapter
IV, Appendix 1 shows that there exists a lattice M in L�G� which is invariant under
hAd�x�i. There exists n A N such that pnM JC. Then C 0 :� hpnMi is an open,
compact, hAd�x�i-invariant subgroup of the Campbell-Hausdor¨ group C; by
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Equation (1), the open, compact subgroup exp�C 0� of G is normalized by x (and it is
contained in W, by construction).

The implication `3� ) 2�' is obvious, and `2� ) 1�' (and indeed `2� , 1�') holds for
every locally compact, totally disconnected group, as mentioned above. r

Corollary 3.2. Let G be a p-adic Lie group. Then G is uniscalar if and only if Ad�G� is

a periodic subgroup of Aut�L�G��. r

The implication `1� ) 3�' of Proposition 3.1 means that if G is a p-adic Lie group
and x A G an element such that s�x� � s�xÿ1� � 1, then there are small tidy sub-
groups for this element x. This need not be the case for arbitrary locally compact,
totally disconnected groups: for example, ZZ

p � f0g is the only subgroup of ZZ
p cZ

(with the shift action) which is tidy for �0; 1�. However, the above property of p-adic
Lie groups generalizes to pro-p-adic Lie groups, i.e., locally compact groups G with
the property that every identity neighbourhood U contains a closed normal subgroup
N of G such that G=N is a p-adic Lie group (cf. [4]):

Corollary 3.3. Let G be a pro-p-adic Lie group, s its scale function, and x A G. Consider

the conditions 1), 2), and 3) given in Proposition 3.1. Then 1), 2), and 3) are equivalent.

Proof. Once we have proved `2� ) 3�, all other implications are trivial. Let W be an
arbitrary open identity neighbourhood in G, and N an open, compact subgroup of G

which is normalized by x. Since G is pro-p-adic, there is a compact, normal subgroup
K of G, contained in W, such that G=K is a p-adic Lie group. Let q : G ! G=K

denote the canonical quotient morphism. By compactness, there is an open identity
neighbourhood V in G such that VK JW . Now V 0 :� q�V� is an open identity
neighbourhood in G=K , and q�N� is an open, compact subgroup of G=K which is
normalized by q�x�. By Proposition 3.1, there exists an open, compact subgroup C 0

of G=K which is normalized by q�x� and contained in V 0. We set C :� qÿ1�C 0�; then
C is an open, compact subgroup of G which is contained in VK JW and normalized
by x. r

4 Characterization of pro-discrete groups

In this section, we characterize those compactly generated p-adic Lie groups which
are pro-discrete.

Proposition 4.1. Let G be a compactly generated p-adic Lie group. Then the following

conditions are equivalent:

(a) G is pro-discrete;

(b) Ad�G� is a relatively compact subgroup of Aut�L�G��.

Proof. Let exp : U ! G be an injective exponential function, de®ned on some open,
compact 0-neighbourhood U in L�G�, and let K be a compact symmetric generating
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set for G. For every x A K , there exists an open neighbourhood Wx of x in G and an
open 0-neighbourhood Vx JU in L�G� such that Ad�y��Vx�JU for all y A Wx and
Iy � expjVx

� exp �Ad�y�jUVx
. By compactness, there exists a ®nite subset F of K such

that K J
S

x AF Wx. Set V :� Tx AF Vx; then

�2� Iy � expjV � exp �Ad�y�jUV
holds, for every y A K.

Now suppose that G is pro-discrete. Then there exists an open, compact, normal
subgroup H of G such that H J exp�V�. Set C :� expÿ1�H�; this is an open, compact
subset of L�G�. Note that C is invariant under Ad�K�, by Equation (2). Since Ad is a
homomorphism and K generates G, we conclude that C is invariant under Ad�G�.
Let M denote the Zp-submodule of L�G� generated by C; then M is a lattice in L�G�
which is invariant under Ad�G�. Hence by [10] Part II, Chapter 4, Appendix 1, the
subgroup Ad�G� of GL�L�G�� is relatively compact, as required.

If, conversely, Ad�G� is a relatively compact subgroup of GL�L�G��, there exists a
lattice M in L�G� invariant under Ad�G�. We claim that G is pro-discrete. To see this,
let N be an arbitrary identity neighbourhood in G; we have to ®nd an open, compact,
normal subgroup H of G such that H JN. There exists an open, compact Campbell-
Hausdor¨ group C in L�G� such that C J expÿ1�N�XV and such that expjC is an
isomorphism onto an open, compact subgroup of G. We may assume that M JC

(otherwise we shrink M by multiplication with powers of p). Let C 0 denote the sub-
group of C generated by M; this is an open, compact subgroup of C which is in-
variant under Ad�G�. Then H :� exp�C 0� is an open, compact subgroup of G, con-
tained in N, and by Equation (2), the normalizer of H in G contains K, and hence is
all of G.

r

5 The main theorem

In this section, we show that every compactly generated, uniscalar p-adic Lie group is
pro-discrete.

We make essential use of a recent result by A. Parreau:

Proposition 5.1. For every n A N, every compactly generated, periodic subgroup of

GLn�Qp� is relatively compact.

Proof. The proposition is a special case of [9], TheÂoreÁme 1. For ®nitely generated
subgroups, the result is also stated in loc. cit., Introduction, in a formulation more
closely adapted to our needs.4 r

4 We remark that Proposition 5.1 can be reduced to the ®nitely generated case ([5], Lemmas
A1 and A8).
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It only remains to combine our ®ndings from Sections 3 and 4 with Parreau's result.

Theorem 5.2. Compactly generated, uniscalar p-adic Lie groups are pro-discrete.

Proof. Let G be a compactly generated, uniscalar p-adic Lie group. By Corollary 3.2,
Ad�G� is a periodic subgroup of GL�L�G��, which is compactly generated since G is
so. Proposition 5.1 entails that Ad�G� is a relatively compact subgroup of GL�L�G��.
By Proposition 4.1, G is pro-discrete. r

Remark 5.3. In an earlier version of this paper dating back to 1997, the authors had
already shown that Proposition 5.1 and Theorem 5.2 are equivalent, where Proposi-
tion 5.1 holds for a ®xed n provided that every compactly generated periodic sub-
group H of PSLn�Ln� is relatively compact for a certain ®nite extension ®eld Ln of Qp

(cf. [5], Appendix). Relative compactness of H is equivalent to the existence of a ®xed
point under the action of H on the Bruhat-Tits building associated with PSLn�Ln�.
For n � 2, the existence of ®xed points is guaranteed by a classical result by J.-P.
Serre, so that the 2-dimensional case of Proposition 5.1 follows. Parreau's proof is
based on an existence proof for ®xed points in the Bruhat-Tits building associated
with GLn�Qp�.

Remark 5.4. It is natural to ask whether Theorem 5.2 admits generalizations beyond
the p-adic setting. In Section 7, we prove an analogue for pro-p-adic Lie groups.
Presumably, one cannot get much further, as there is an example of a compactly
generated, totally disconnected, locally compact group which is uniscalar but does
not have a compact, open, normal subgroup ([1], [6]).

We conclude this section with an immediate consequence of Theorem 5.2:

Corollary 5.5. If a compactly generated p-adic Lie group G has a compact, open, nor-

mal subgroup, then for every identity neighbourhood U of G, there exists a compact,
open, normal subgroup N of G such that N JU . r

6 Example of a uniscalar p-adic Lie group without open, compact, normal
subgroups

Theorem 5.2 would become false if we dropped the hypothesis that the uniscalar p-
adic Lie groups considered are compactly generated, since there are uniscalar p-adic
Lie groups (necessarily not compactly generated) which do not possess open, com-
pact, normal subgroups. We shall presently give a 1-dimensional example of such a
group. Its construction uses the following lemma:

Lemma 6.1. Let G be a one-dimensional p-adic Lie group, s its scale function, D its
modular function, and x A G. Then s�x� � 1 or s�xÿ1� � 1. In particular, ker D �
fx A G : s�x� � s�xÿ1� � 1g.
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Proof. By Theorem 2.1, we have

s�x� � jljp if jljp V 1

1 else,

�
where Ad�x� is multiplication by l A Q�p . The ®rst assertion is obvious from this. The
second assertion follows from the formula D�x� � s�x�s�xÿ1�ÿ1, see [11], Corollary 1
to Theorem 2. r

Now let q : Qp ! Qp=Zp denote the canonical quotient morphism, and set

G :� �Qp �Qp=Zp�cha; bi;

where a; b A Aut�Qp �Qp=Zp� are de®ned by

a�x; y� :� �x; y� q�x�� and b�x; y� :� �px; y�;

respectively. We give ha; biUAut�Qp �Qp=Zp� the discrete topology, and we give
G the product topology. Then G is a locally compact group and is a one-dimensional
p-adic Lie group indeed, and so is its subgroup H :� ker DG. Note that since H is an
open subgroup of G, the scale function sH of H is the restriction of sG to H.5 There-
fore sH 1 1 by Lemma 6.1. For ease of notation we identify Qp, Qp �Qp=Zp and
ha; bi with the subgroups Qp � f�0; 1�g, Qp �Qp=Zp � f1g and f�0; 0�g � ha; bi,
respectively, of G.

Let N be an open, normal subgroup of H ± we show that N is not compact. To this
end, note that Qp �Qp=Zp JH, since this is an open, abelian subgroup of G. Fur-
thermore, we have a A H, since a normalizes the open, compact subgroup Zp of G.
The scale function is a class function; therefore b nabÿn A H, for every n A Z. Now
N XQp is an open 0-neighbourhood in Qp, whence there exists k A N such that
pkZp JN. Since �b nabÿn��pk; 0� � �pk; q�pkÿn��, we conclude that fpkg �Qp=Zp

JN. The latter subset of N is closed but not compact. Hence N cannot be compact.

Conclusion. H is a uniscalar, 1-dimensional p-adic Lie group which does not have an
open, compact, normal subgroup.

7 Applications

Theorem 5.2 is of interest in connection with structural investigations of compactly
generated, locally compact groups which are not necessarily p-adic Lie groups.

5 It is obvious from the de®nition of tidiness given in [11] that every subgroup of H which is
tidy for some x A H is also tidy for x as a subgroup of G.
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If G is a compactly generated, locally compact, totally disconnected group, we let
P�G� denote the set of primes occurring in the prime factor decompositions of the
integers sG�x�, where x ranges through G. Then P�G� is a ®nite set ([14], Theorem
3.4).

Proposition 7.1. Suppose that G is a compactly generated, locally compact group, and

f : G ! H a continuous homomorphism into a p-adic Lie group H. Let G1 denote the

identity component of G. If p B P�G=G1�, then, for every identity neighbourhood U in

G, there exists an open, normal subgroup N of G such that ker f JN JU � ker f .

Proof. Let q : G ! G=ker f �: Q denote the canonical quotient morphism, and f 0 :
Q! H the morphism determined by f 0 � q � f . Since Q is locally compact and f 0 is
injective, Q is a p-adic Lie group by [2], §8.2, Corollary 1 to Theorem 2. We may
therefore assume w.l.o.g. that f is a quotient morphism. Then H is a compactly gen-
erated p-adic Lie group; by Theorem 2.1, im sH J pN0 . Set G 0 :� G=G1, and let q 0 :
G ! G 0 be the canonical quotient morphism. Since H is totally disconnected, we
have G1 U ker f , and there is a unique quotient morphism g : G 0 ! H such that
g � q 0 � f . Now g being a quotient morphism, sH�g�x�� divides sG 0 �x�, for every
x A G 0, see [13], Proposition 4.7. Hence if p B P�G 0�, then H is uniscalar and there-
fore pro-discrete by Theorem 5.2. Let U be any identity neighbourhood in G. Since
f �U� is an identity neighbourhood in H and H is pro-discrete, H has an open, nor-
mal subgroup N 0J f �U�; then N :� f ÿ1�N 0� has the required properties. r

We presently deduce:

Corollary 7.2. Suppose that G is a compactly generated, locally compact group, x A G,

and suppose that f : G ! H is a continuous homomorphism into a p-adic Lie group
such that f �x�0 1. If p B P�G=G1�, then there exists a continuous homomorphism g :
G ! D into a discrete group D such that g�x�0 1. r

We conclude this article with results concerning projective limits of p-adic Lie groups.
The following lemma is a special case of [13], Proposition 5.4:

Lemma 7.3. Let G be a pro-p-adic Lie group. Let N be the set of all closed, normal

subgroups N of G such that GN :� G=N is a p-adic Lie group; direct N via inverse

inclusion. Given N A N, let qN : G ! GN be the canonical quotient map. Then

sG�x� � lim
N AN

sGN
�qN�x��

for all x A G. In particular, im sG J pN0 . r

Proposition 7.4. Suppose that G is a compactly generated, pro-p-adic Lie group. If G is

uniscalar, then G is pro-discrete; otherwise, P�G� � fpg.
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Proof. If G is not uniscalar, then f1g0 im sG J pN0 by Lemma 7.3: thus P�G� �
fpg. Now suppose that G is uniscalar, and let U be an identity neighbourhood in G;
we pick a compact identity neighbourhood V such that VV JU . Since G is a pro-p-
adic Lie group, there exists a closed normal subgroup N of G such that N JV and
Q :� G=N is a p-adic Lie group. Let q : G ! Q be the canonical quotient map. Since
sQ�q�x�� divides sG�x� for all x A G by [13], Proposition 4.7, we deduce that Q is
uniscalar. By Theorem 5.2, Q is pro-discrete; hence there exists an open, compact,
normal subgroup W of Q such that W J q�V�. Then qÿ1�W�JVN JVV JU is an
open, compact, normal subgroup of G which is contained in U. We deduce that G is
pro-discrete. r
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